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Neutrinos
Supernovae, collapsars, mergers

High temperature (~10 MeV), high density (>1012g cm-3)

Copious amount of neutrinos generated (~1053 erg)

Even neutrinos become optically thick
“neutrinospheres”
Thermal distribution (0-th approx.)

Cross section (σν∝εν2)
Small change of distribution function can lead to 
significant difference of interaction rates

εν

Fν



Supernova

PNS

cooling layer

heating layer
shock

ν emission

ν absorption

see talks by Fischer, Takiwaki, Kuroda, Messer, Sumiyoshi, O’Connor, Pan



Neutrino-driven jet
McFadyen & Woosley 99

see talks by Just, Richers



Problems?

★ For supernovae, explosion energy in simulation 
(Eexp=1049-50 erg) is much smaller than 
observation (Eexp~1051 erg)

★ For collapsars, neutrino annihilation might not 
produce enough strong jet for GRBs

★ Is there something missing?

★ Let’s reconsider about neutrino spectrum in more 
detail, beyond thermal spectrum
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Analogy
★ Number and energy spheres can be called 

in different way

‣ chemical equilibrium:
=> thermal equilibrium
=> inside number sphere

‣ kinetic equilibrium:
=> does not change particle number
=> between number and energy spheres
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Thermal Non-thermal?
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Non-thermal neutrinos

What distribution?Thermal

ν
Matter flow

ν

Energy Sphere Transport Sphere

Gain energy by scattering bodies’ kinetic energy

��E� � � · u
�

E ”Fermi acceleration” of ν

Non-thermal neutrinos

Matter flow



Fermi acceleration

(c)M. Scholer

e.g., Axford+ (1977), Blandford & Ostriker (1978), Bell (1977)



Bulk Comptonization
★ The application of Fermi acceleration to 

photons

★ Compressional flow (∇.V<0) leads to 
acceleration of photons

★ Compression is naturally realized for 
accretion flows onto black holes / 
neutron stars (WITHOUT shock!)

★ Non-thermal components are generated 
from thermal components

Blandford & Payne (1981), Payne & Blandford (1981)



Let’s go to neutrinos



Boltzmann eq. w/ diffusion approx.
Blandford & Payne 1981, Titarchuk+ 1997, Psaltis 1997
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Transfer equation
Boltzmann equation with diffusion approx., up to O((u/c)2)

diffusion term bulk term recoil term source term

n: ν’s number density
εν: ν energy
V: velocity of matter
κ: opacity
T: temperature of matter

thermal & turbulent terms



First order term
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By neglecting O((u/c)2) terms and recoil term, we get

This is exactly the same equation we are solving with MGFLD or IDSA

MGFLD
Bruenn (1985)

IDSA
Liebendörfer+ (2009)
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Original ν-Boltzmann eq.  (Lindquist 1966, Castor 1972)
spherically symmetric
up to O(u/c)
dlnρ/dt=∇.V



Order of approx.

diffusion approx.O(u/c)
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Transfer equation
Boltzmann equation with diffusion approx., up to O((u/c)2)

diffusion term bulk term recoil term source term

n: ν’s number density
εν: ν energy
V: velocity of matter
κ: opacity
T: temperature of matter

Solve this equation with adequate 
boundary condition. The 
background matter is assumed to 
be free fall and stationary solution 
(∂/∂t=0) is obtained.

thermal & turbulent terms



Analytic solutions
Nondimensional equation

Boundary conditions
1. flux∝τ2 (τ→0)
2. remain finite for τ>>1

spectral energy flux

(n=0,1,2…)

YS, MNRAS (2013)

fν(τ,x)=R(τ)τ5/2x-α 

(separation of variables)

R(�) =
��

n=0

cnL5/2
n (2�)



Numerical solution
★ Solved the transfer equation using relaxation method
★ At τ=τ0 (@energy sphere), thermal distribution is imposed

2446 Y. Suwa

∂fν

∂τ
= f i+1,j

ν − f i−1,j
ν

δτi + δτi+1
, (14)

1
2
x

∂fν

∂x
= 1

2
xj

f i,j+1
ν − f i,j−1

ν

δxj + δxj+1
, (15)

where i and j denote the grid point of τ and x, respectively. The grid
points are determined by the rule as

τi = τi−1 + δτi , (16)

xj = xj−1 + δxj , (17)

δτi = rτ δτi−1, (18)

δxj = rxδxj−1, (19)

where rτ and rx are constants larger than unity. We set δτ 1/τ 1 =
δx1/x1 = 0.02. The calculations are performed on a grid of 200
zones for τ from 0.01 up to τ 0 and 500 zones for x from 0.1 to 100.
A test calculation and comparison with an exact solution are given
in Appendix A.

The boundary condition is given at τ 0 as

fν(τ0, x) = τ
5/2
0

x5

1
1 + ex

, (20)

where the factor τ
5/2
0 /x5 means the correction, which leads to the

thermal distribution function at a radius r. In this study, we set the
above boundary condition with only one parameter τ 0 for simplic-
ity. In order to make more realistic boundary condition, we should
consider the microphysical processes that change the neutrino num-
ber and energy in detail, which is beyond the scope of this paper.
Here we do not care about the normalization factor because all
equations solved in this study are linear to fν as we omit the source
term j. Needless to say, we should care about the normalization with
detailed source term because neutrino is fermion so that there is a
significant effect by Pauli blocking for f ∼ 1.

In Fig. 1, we show the numerical solution of the dimensionless
spectral energy flux obtained by solving equations (7) and (9). The

Figure 1. The emergent spectral energy flux estimated by the numerical
solution. The boundary condition is given at τ 0 = 5. The correction for the
conversion from τ - to r-space is included (see the text for details). The red
solid line is the solution of the full equation of equation (7), while the black
dashed line is the solution of the kinetic equation without the bulk term (i.e.
thermal spectrum). The grey dotted line represents the power-law spectrum
of ε−4

ν , which is the analytic solution (see the text for details).

Figure 2. The emergent spectral energy flux with different values of τ 0
indicated by different lines. The higher τ 0 leads to the harder spectrum due
to efficient upscattering by the infalling material.

red solid line represents the emergent spectrum of the full equation
and the black thin dashed line is the spectrum obtained by the ki-
netic equation without bulk term [i.e. (1/3)(∇ · u)εν(∂fν/∂εν) in
equation 6], that is, a thermal spectrum. One can see that neutrinos
are upscattered by the infalling material and the non-thermal spec-
trum is generated. As indicated by the grey dotted line, the emergent
spectrum is the power law with ε−4

ν for x = εν/kT ! 10, which is
consistent with the analytic solution with n = 0 obtained in the pre-
vious section. In this calculation, the boundary condition is given at
τ 0 = 5, where fν has a thermal distribution with a temperature T.6

The flux is estimated at τ = 0.01, where the spectral evolution is
almost completed. The normalization of both spectra is determined
by the total number flux,

!
(F/x) dx, being unity.

We show the different solutions with different values of τ 0 in
Fig. 2. It is obvious that higher τ 0 leads to harder spectrum. It
should be noted that the position of the energy sphere depends
on the elementary process such as νe ↔ νe, e+e− ↔ νν̄ and NN
bremsstrahlung. The first process is related to the thermalization
and the others are related to both the thermalization and emis-
sion/absorption. The dominant thermalization process depends on
the background fluid temperature, density and abundance, which are
much beyond the scope of this paper. Thus, we simply parametrize
the injection τ 0 and see the dependences on it (see also Raffelt
2001).

4 N O N - T H E R M A L N E U T R I N O S A N D T H E I R
A N N I H I L AT I O N

Now we move on to estimate the neutrino-annihilation rate, which
strongly depends on neutrino energy. The energy deposition rate via

6 According to the numerical simulations of CCSNe, which include detailed
microphysics and the radiative transfer, the temperature of νX ranges from 4
to 10 MeV (see Horiuchi, Beacom & Dwek 2009 for a collective reference
of recent numerical simulations). These values can be used in the case of
long GRBs. As for short GRBs, Setiawan, Ruffert & Janka (2006) showed
that the average energy of νX ranges from ∼5 to ∼27 MeV, corresponding
to the temperature from ∼2 to ∼9 MeV with vanishing chemical potential,
similar to the values of CCSNe.

thermal

non-thermal
stronger non-thermal 

component with 
deeper injection

YS, MNRAS (2013)



Neutrino annihilation
Energy injection rate by neutrino pair annihilation

Goodman+ 87, Setiawan+06 τ0 〈εν〉/〈εν〉thermal 〈εν2〉/〈εν2〉thermal Amplification

0.1 1.01 1.02 1.03
0.2 1.03 1.05 1.08

0.5 1.07 1.16 1.24

1.0 1.16 1.37 1.59

2.0 1.37 1.99 2.73

3.0 1.60 2.83 4.52

5.0 1.95 4.49 12.5

10.0 2.43 7.12 17.3

Annihilation rate can be amplified by a factor of ~10 for the case 
of τ0=10 

Neutrino acceleration by bulk matter motion 2447

neutrino annihilation (ν + ν̄ → e+ + e−) is given by (Goodman,
Dar & Nussinov 1987; Setiawan et al. 2006)

Ėνν̄ = CF3,νF3,ν̄

⎛

⎝

〈
ε2
ν

〉
⟨εν̄⟩ +

〈
ε2
ν̄

〉
⟨εν⟩

⟨εν⟩⟨εν̄⟩

⎞

⎠ , (21)

where Fi,ν =
∫

fνε
i
νdεν , ⟨εν⟩ = F3, ν/F2, ν and ⟨ε2

ν⟩ = F4,ν/F2,ν .
The factor C includes the weak interaction coefficients and infor-
mation of the angular distribution of the neutrinos so that to calcu-
late this factor we should determine the geometry of the neutrino-
emitting source. Since this factor is expected not to change signif-
icantly by including the neutrino acceleration process, we concen-
trate on the effect of the spectral change from here. For simplicity,
we assume that the spectra of ν and ν̄ are identical. Then, we get

Ėνν̄ ∝
F 2

3,ν

〈
ε2
ν

〉

⟨εν⟩
. (22)

We can evaluate the amplification of the neutrino-annihilation rate
by the accelerated component of neutrino produced by the bulk
motion of background matter using F3, ν , ⟨εν⟩ and ⟨ε2

ν⟩. By assuming
that the neutrino number flux (F2, ν) does not change by including
this effect, we get F3, ν∝ ⟨εν ⟩, then Ėνν̄ ∝ ⟨εν⟩⟨ε2

ν⟩. Therefore, we
can evaluate the amplification only by ⟨εν⟩ and ⟨ε2

ν⟩.
Table 1 shows the integrated values of emergent spectrum. It is

obvious that both the mean energy ⟨εν⟩ and the mean-square energy
⟨ε2

ν⟩ increase compared to the thermal spectrum due to upscattering
by the infalling materials. As a result, the neutrino-annihilation rate
is significantly amplified by the accelerated component. In addition,
we show the convergence check with higher resolution in this table
(see the last two lines). Due to much more expensive numerical cost,
we just calculate the model with τ 0 = 1 and confirm the validity of
the lower resolution calculation.

5 SU M M A RY A N D D I S C U S S I O N

In this paper, we consider the spectral change of neutrinos induced
by the scattering of the infalling materials and amplification of the
annihilation rate, which is one of the well-discussed jet-production

Table 1. Properties of numerical solutions.

τ 0 Na
τ Nb

x

⟨εν⟩c

⟨εν⟩thermal

〈
ε2
ν

〉

〈
ε2
ν

〉

thermal

Ad

Athermal

0.1 200 500 1.01 1.02 1.03
0.2 200 500 1.03 1.05 1.08
0.5 200 500 1.07 1.16 1.24
1.0 200 500 1.16 1.37 1.59
1.5 200 500 1.26 1.65 2.08
2.0 200 500 1.37 1.99 2.73
3.0 200 500 1.60 2.83 4.52
5.0 200 500 1.95 4.49 8.77
7.0 200 500 2.18 5.72 12.5
10.0 200 500 2.43 7.12 17.3

1.0 500 1000 1.16 1.36 1.57
1.0 750 1500 1.16 1.37 1.59
aNumerical grids for τ .
bNumerical grids for x.
cThe average energy of emerged spectrum.
dThe amplification of the neutrino-annihilation rate (equation
22) compared to the thermal distribution.

mechanisms of GRBs. We solve the kinetic equation of neutrinos
in spherically symmetric background flow and find that neutrinos
are successfully accelerated and partly form non-thermal spectrum.
We find that the accelerated neutrinos can significantly enhance the
annihilation rate by a factor of ∼10, depending on the injection
optical depth.

In this study, we tried to demonstrate the effect of the upscattering
by the bulk motion of the material and just assumed the injection
optical depth with parametric manner. More realistic injection is
obtained by the insight of the energy sphere, whose position is de-
termined by the neutrino–electron inelastic scattering as follows.
The scattering opacity at energy sphere, where the inelastic scat-
tering with electrons freeze out, can be calculated by the ratio of
cross-section,7

τsc(res)
τes

∼ nNσn

neσe
∼ 2εν

3YekT (res)
, (23)

where τ es is the optical depth of electron inelastic scattering, res

is the radius of energy sphere, nN and ne are the number density
of nucleons (neutrons and protons) and electrons, and Ye = ne/nN

is the electron fraction. Since τ es is definitely 2/3 at the energy
sphere,

τsc(res) ∼ 4εν

9YekT (res)
. (24)

The typical temperature of neutrinospheres is ∼4 MeV (Janka 2001)
so that τ sc is larger than 2/3 for neutrinos of the energy εν !
0.6(Ye/0.1) MeV. The typical value of Ye is ∼0.1 at the region where
the electron capture is significant so that almost all the neutrinos
are trapped by the nucleon elastic scattering at the energy sphere.
Although the injection optical depth in this study should be energy
dependent as shown above, we neglect this effect for simplicity.

Next, we discuss about the neutrino species. In this paper, we
consider the region between the energy sphere and the transport
sphere, i.e. the optical depth is larger than unity for the neutrino–
nucleon elastic scattering. Note that usually these neutrino spheres
are coincident for νe and ν̄e due to the presence of the charged current
for these neutrinos so that the neutrino acceleration studied in this
paper is possible only for νµ, ντ and their antiparticles. However,
for the case of neutron number density being much larger than
protons’ one, the charged current reaction of ν̄e (ν̄e + p → n + e+)
is negligible so that the reactions relevant to ν̄e become similar to
those of heavier leptonic neutrinos. The transport opacity for the

7 The total cross-section of neutrino–electron inelastic scattering is (Burrows
& Thompson 2002)

σe ∼ 3
8
σ0

ενkT

(mec2)2 ,

where σ 0 ∼ 1.7 × 10−44 cm2 is the reference neutrino cross-section, me is
the electron mass and T is the temperature of electrons. On the other hand,
the total cross-section of neutron–neutrino elastic scattering is

σn ∼ σ0

4

(
εν

mec2

)2

.

The reason why we employ the cross-section for neutrons is that due to the
electron capture (p + e− → n + νe) the neutron fraction increases, whereas
the proton fraction decreases inside the neutrinosphere. Therefore, neutrons
are the dominant target particles for propagating neutrinos. However, it
should be noted that the total cross-section of proton–neutrino scattering
differs from that of neutron by only ∼20 per cent.
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mechanisms of GRBs. We solve the kinetic equation of neutrinos
in spherically symmetric background flow and find that neutrinos
are successfully accelerated and partly form non-thermal spectrum.
We find that the accelerated neutrinos can significantly enhance the
annihilation rate by a factor of ∼10, depending on the injection
optical depth.

In this study, we tried to demonstrate the effect of the upscattering
by the bulk motion of the material and just assumed the injection
optical depth with parametric manner. More realistic injection is
obtained by the insight of the energy sphere, whose position is de-
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The typical temperature of neutrinospheres is ∼4 MeV (Janka 2001)
so that τ sc is larger than 2/3 for neutrinos of the energy εν !
0.6(Ye/0.1) MeV. The typical value of Ye is ∼0.1 at the region where
the electron capture is significant so that almost all the neutrinos
are trapped by the nucleon elastic scattering at the energy sphere.
Although the injection optical depth in this study should be energy
dependent as shown above, we neglect this effect for simplicity.

Next, we discuss about the neutrino species. In this paper, we
consider the region between the energy sphere and the transport
sphere, i.e. the optical depth is larger than unity for the neutrino–
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are coincident for νe and ν̄e due to the presence of the charged current
for these neutrinos so that the neutrino acceleration studied in this
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where σ 0 ∼ 1.7 × 10−44 cm2 is the reference neutrino cross-section, me is
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The reason why we employ the cross-section for neutrons is that due to the
electron capture (p + e− → n + νe) the neutron fraction increases, whereas
the proton fraction decreases inside the neutrinosphere. Therefore, neutrons
are the dominant target particles for propagating neutrinos. However, it
should be noted that the total cross-section of proton–neutrino scattering
differs from that of neutron by only ∼20 per cent.
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neutrino annihilation (ν + ν̄ → e+ + e−) is given by (Goodman,
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The factor C includes the weak interaction coefficients and infor-
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late this factor we should determine the geometry of the neutrino-
emitting source. Since this factor is expected not to change signif-
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We can evaluate the amplification of the neutrino-annihilation rate
by the accelerated component of neutrino produced by the bulk
motion of background matter using F3, ν , ⟨εν⟩ and ⟨ε2

ν⟩. By assuming
that the neutrino number flux (F2, ν) does not change by including
this effect, we get F3, ν∝ ⟨εν ⟩, then Ėνν̄ ∝ ⟨εν⟩⟨ε2

ν⟩. Therefore, we
can evaluate the amplification only by ⟨εν⟩ and ⟨ε2

ν⟩.
Table 1 shows the integrated values of emergent spectrum. It is

obvious that both the mean energy ⟨εν⟩ and the mean-square energy
⟨ε2

ν⟩ increase compared to the thermal spectrum due to upscattering
by the infalling materials. As a result, the neutrino-annihilation rate
is significantly amplified by the accelerated component. In addition,
we show the convergence check with higher resolution in this table
(see the last two lines). Due to much more expensive numerical cost,
we just calculate the model with τ 0 = 1 and confirm the validity of
the lower resolution calculation.
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by the scattering of the infalling materials and amplification of the
annihilation rate, which is one of the well-discussed jet-production
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aNumerical grids for τ .
bNumerical grids for x.
cThe average energy of emerged spectrum.
dThe amplification of the neutrino-annihilation rate (equation
22) compared to the thermal distribution.

mechanisms of GRBs. We solve the kinetic equation of neutrinos
in spherically symmetric background flow and find that neutrinos
are successfully accelerated and partly form non-thermal spectrum.
We find that the accelerated neutrinos can significantly enhance the
annihilation rate by a factor of ∼10, depending on the injection
optical depth.

In this study, we tried to demonstrate the effect of the upscattering
by the bulk motion of the material and just assumed the injection
optical depth with parametric manner. More realistic injection is
obtained by the insight of the energy sphere, whose position is de-
termined by the neutrino–electron inelastic scattering as follows.
The scattering opacity at energy sphere, where the inelastic scat-
tering with electrons freeze out, can be calculated by the ratio of
cross-section,7

τsc(res)
τes

∼ nNσn

neσe
∼ 2εν

3YekT (res)
, (23)

where τ es is the optical depth of electron inelastic scattering, res

is the radius of energy sphere, nN and ne are the number density
of nucleons (neutrons and protons) and electrons, and Ye = ne/nN

is the electron fraction. Since τ es is definitely 2/3 at the energy
sphere,

τsc(res) ∼ 4εν

9YekT (res)
. (24)

The typical temperature of neutrinospheres is ∼4 MeV (Janka 2001)
so that τ sc is larger than 2/3 for neutrinos of the energy εν !
0.6(Ye/0.1) MeV. The typical value of Ye is ∼0.1 at the region where
the electron capture is significant so that almost all the neutrinos
are trapped by the nucleon elastic scattering at the energy sphere.
Although the injection optical depth in this study should be energy
dependent as shown above, we neglect this effect for simplicity.

Next, we discuss about the neutrino species. In this paper, we
consider the region between the energy sphere and the transport
sphere, i.e. the optical depth is larger than unity for the neutrino–
nucleon elastic scattering. Note that usually these neutrino spheres
are coincident for νe and ν̄e due to the presence of the charged current
for these neutrinos so that the neutrino acceleration studied in this
paper is possible only for νµ, ντ and their antiparticles. However,
for the case of neutron number density being much larger than
protons’ one, the charged current reaction of ν̄e (ν̄e + p → n + e+)
is negligible so that the reactions relevant to ν̄e become similar to
those of heavier leptonic neutrinos. The transport opacity for the

7 The total cross-section of neutrino–electron inelastic scattering is (Burrows
& Thompson 2002)

σe ∼ 3
8
σ0

ενkT

(mec2)2 ,

where σ 0 ∼ 1.7 × 10−44 cm2 is the reference neutrino cross-section, me is
the electron mass and T is the temperature of electrons. On the other hand,
the total cross-section of neutron–neutrino elastic scattering is

σn ∼ σ0

4

(
εν

mec2

)2

.

The reason why we employ the cross-section for neutrons is that due to the
electron capture (p + e− → n + νe) the neutron fraction increases, whereas
the proton fraction decreases inside the neutrinosphere. Therefore, neutrons
are the dominant target particles for propagating neutrinos. However, it
should be noted that the total cross-section of proton–neutrino scattering
differs from that of neutron by only ∼20 per cent.
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neutrino annihilation (ν + ν̄ → e+ + e−) is given by (Goodman,
Dar & Nussinov 1987; Setiawan et al. 2006)

Ėνν̄ = CF3,νF3,ν̄
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where Fi,ν =
∫

fνε
i
νdεν , ⟨εν⟩ = F3, ν/F2, ν and ⟨ε2

ν⟩ = F4,ν/F2,ν .
The factor C includes the weak interaction coefficients and infor-
mation of the angular distribution of the neutrinos so that to calcu-
late this factor we should determine the geometry of the neutrino-
emitting source. Since this factor is expected not to change signif-
icantly by including the neutrino acceleration process, we concen-
trate on the effect of the spectral change from here. For simplicity,
we assume that the spectra of ν and ν̄ are identical. Then, we get
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F 2

3,ν
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〉

⟨εν⟩
. (22)

We can evaluate the amplification of the neutrino-annihilation rate
by the accelerated component of neutrino produced by the bulk
motion of background matter using F3, ν , ⟨εν⟩ and ⟨ε2

ν⟩. By assuming
that the neutrino number flux (F2, ν) does not change by including
this effect, we get F3, ν∝ ⟨εν ⟩, then Ėνν̄ ∝ ⟨εν⟩⟨ε2

ν⟩. Therefore, we
can evaluate the amplification only by ⟨εν⟩ and ⟨ε2

ν⟩.
Table 1 shows the integrated values of emergent spectrum. It is

obvious that both the mean energy ⟨εν⟩ and the mean-square energy
⟨ε2

ν⟩ increase compared to the thermal spectrum due to upscattering
by the infalling materials. As a result, the neutrino-annihilation rate
is significantly amplified by the accelerated component. In addition,
we show the convergence check with higher resolution in this table
(see the last two lines). Due to much more expensive numerical cost,
we just calculate the model with τ 0 = 1 and confirm the validity of
the lower resolution calculation.
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mechanisms of GRBs. We solve the kinetic equation of neutrinos
in spherically symmetric background flow and find that neutrinos
are successfully accelerated and partly form non-thermal spectrum.
We find that the accelerated neutrinos can significantly enhance the
annihilation rate by a factor of ∼10, depending on the injection
optical depth.

In this study, we tried to demonstrate the effect of the upscattering
by the bulk motion of the material and just assumed the injection
optical depth with parametric manner. More realistic injection is
obtained by the insight of the energy sphere, whose position is de-
termined by the neutrino–electron inelastic scattering as follows.
The scattering opacity at energy sphere, where the inelastic scat-
tering with electrons freeze out, can be calculated by the ratio of
cross-section,7

τsc(res)
τes

∼ nNσn

neσe
∼ 2εν

3YekT (res)
, (23)

where τ es is the optical depth of electron inelastic scattering, res

is the radius of energy sphere, nN and ne are the number density
of nucleons (neutrons and protons) and electrons, and Ye = ne/nN

is the electron fraction. Since τ es is definitely 2/3 at the energy
sphere,

τsc(res) ∼ 4εν

9YekT (res)
. (24)

The typical temperature of neutrinospheres is ∼4 MeV (Janka 2001)
so that τ sc is larger than 2/3 for neutrinos of the energy εν !
0.6(Ye/0.1) MeV. The typical value of Ye is ∼0.1 at the region where
the electron capture is significant so that almost all the neutrinos
are trapped by the nucleon elastic scattering at the energy sphere.
Although the injection optical depth in this study should be energy
dependent as shown above, we neglect this effect for simplicity.

Next, we discuss about the neutrino species. In this paper, we
consider the region between the energy sphere and the transport
sphere, i.e. the optical depth is larger than unity for the neutrino–
nucleon elastic scattering. Note that usually these neutrino spheres
are coincident for νe and ν̄e due to the presence of the charged current
for these neutrinos so that the neutrino acceleration studied in this
paper is possible only for νµ, ντ and their antiparticles. However,
for the case of neutron number density being much larger than
protons’ one, the charged current reaction of ν̄e (ν̄e + p → n + e+)
is negligible so that the reactions relevant to ν̄e become similar to
those of heavier leptonic neutrinos. The transport opacity for the

7 The total cross-section of neutrino–electron inelastic scattering is (Burrows
& Thompson 2002)

σe ∼ 3
8
σ0

ενkT

(mec2)2 ,

where σ 0 ∼ 1.7 × 10−44 cm2 is the reference neutrino cross-section, me is
the electron mass and T is the temperature of electrons. On the other hand,
the total cross-section of neutron–neutrino elastic scattering is

σn ∼ σ0

4
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.

The reason why we employ the cross-section for neutrons is that due to the
electron capture (p + e− → n + νe) the neutron fraction increases, whereas
the proton fraction decreases inside the neutrinosphere. Therefore, neutrons
are the dominant target particles for propagating neutrinos. However, it
should be noted that the total cross-section of proton–neutrino scattering
differs from that of neutron by only ∼20 per cent.
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neutrino annihilation (ν + ν̄ → e+ + e−) is given by (Goodman,
Dar & Nussinov 1987; Setiawan et al. 2006)

Ėνν̄ = CF3,νF3,ν̄

⎛
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where Fi,ν =
∫

fνε
i
νdεν , ⟨εν⟩ = F3, ν/F2, ν and ⟨ε2

ν⟩ = F4,ν/F2,ν .
The factor C includes the weak interaction coefficients and infor-
mation of the angular distribution of the neutrinos so that to calcu-
late this factor we should determine the geometry of the neutrino-
emitting source. Since this factor is expected not to change signif-
icantly by including the neutrino acceleration process, we concen-
trate on the effect of the spectral change from here. For simplicity,
we assume that the spectra of ν and ν̄ are identical. Then, we get

Ėνν̄ ∝
F 2

3,ν

〈
ε2
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〉

⟨εν⟩
. (22)

We can evaluate the amplification of the neutrino-annihilation rate
by the accelerated component of neutrino produced by the bulk
motion of background matter using F3, ν , ⟨εν⟩ and ⟨ε2

ν⟩. By assuming
that the neutrino number flux (F2, ν) does not change by including
this effect, we get F3, ν∝ ⟨εν ⟩, then Ėνν̄ ∝ ⟨εν⟩⟨ε2

ν⟩. Therefore, we
can evaluate the amplification only by ⟨εν⟩ and ⟨ε2

ν⟩.
Table 1 shows the integrated values of emergent spectrum. It is

obvious that both the mean energy ⟨εν⟩ and the mean-square energy
⟨ε2

ν⟩ increase compared to the thermal spectrum due to upscattering
by the infalling materials. As a result, the neutrino-annihilation rate
is significantly amplified by the accelerated component. In addition,
we show the convergence check with higher resolution in this table
(see the last two lines). Due to much more expensive numerical cost,
we just calculate the model with τ 0 = 1 and confirm the validity of
the lower resolution calculation.
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mechanisms of GRBs. We solve the kinetic equation of neutrinos
in spherically symmetric background flow and find that neutrinos
are successfully accelerated and partly form non-thermal spectrum.
We find that the accelerated neutrinos can significantly enhance the
annihilation rate by a factor of ∼10, depending on the injection
optical depth.

In this study, we tried to demonstrate the effect of the upscattering
by the bulk motion of the material and just assumed the injection
optical depth with parametric manner. More realistic injection is
obtained by the insight of the energy sphere, whose position is de-
termined by the neutrino–electron inelastic scattering as follows.
The scattering opacity at energy sphere, where the inelastic scat-
tering with electrons freeze out, can be calculated by the ratio of
cross-section,7

τsc(res)
τes

∼ nNσn

neσe
∼ 2εν

3YekT (res)
, (23)

where τ es is the optical depth of electron inelastic scattering, res

is the radius of energy sphere, nN and ne are the number density
of nucleons (neutrons and protons) and electrons, and Ye = ne/nN

is the electron fraction. Since τ es is definitely 2/3 at the energy
sphere,

τsc(res) ∼ 4εν

9YekT (res)
. (24)

The typical temperature of neutrinospheres is ∼4 MeV (Janka 2001)
so that τ sc is larger than 2/3 for neutrinos of the energy εν !
0.6(Ye/0.1) MeV. The typical value of Ye is ∼0.1 at the region where
the electron capture is significant so that almost all the neutrinos
are trapped by the nucleon elastic scattering at the energy sphere.
Although the injection optical depth in this study should be energy
dependent as shown above, we neglect this effect for simplicity.

Next, we discuss about the neutrino species. In this paper, we
consider the region between the energy sphere and the transport
sphere, i.e. the optical depth is larger than unity for the neutrino–
nucleon elastic scattering. Note that usually these neutrino spheres
are coincident for νe and ν̄e due to the presence of the charged current
for these neutrinos so that the neutrino acceleration studied in this
paper is possible only for νµ, ντ and their antiparticles. However,
for the case of neutron number density being much larger than
protons’ one, the charged current reaction of ν̄e (ν̄e + p → n + e+)
is negligible so that the reactions relevant to ν̄e become similar to
those of heavier leptonic neutrinos. The transport opacity for the

7 The total cross-section of neutrino–electron inelastic scattering is (Burrows
& Thompson 2002)

σe ∼ 3
8
σ0

ενkT

(mec2)2 ,

where σ 0 ∼ 1.7 × 10−44 cm2 is the reference neutrino cross-section, me is
the electron mass and T is the temperature of electrons. On the other hand,
the total cross-section of neutron–neutrino elastic scattering is

σn ∼ σ0

4
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.

The reason why we employ the cross-section for neutrons is that due to the
electron capture (p + e− → n + νe) the neutron fraction increases, whereas
the proton fraction decreases inside the neutrinosphere. Therefore, neutrons
are the dominant target particles for propagating neutrinos. However, it
should be noted that the total cross-section of proton–neutrino scattering
differs from that of neutron by only ∼20 per cent.
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neutrino annihilation (ν + ν̄ → e+ + e−) is given by (Goodman,
Dar & Nussinov 1987; Setiawan et al. 2006)

Ėνν̄ = CF3,νF3,ν̄
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where Fi,ν =
∫

fνε
i
νdεν , ⟨εν⟩ = F3, ν/F2, ν and ⟨ε2

ν⟩ = F4,ν/F2,ν .
The factor C includes the weak interaction coefficients and infor-
mation of the angular distribution of the neutrinos so that to calcu-
late this factor we should determine the geometry of the neutrino-
emitting source. Since this factor is expected not to change signif-
icantly by including the neutrino acceleration process, we concen-
trate on the effect of the spectral change from here. For simplicity,
we assume that the spectra of ν and ν̄ are identical. Then, we get

Ėνν̄ ∝
F 2
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. (22)

We can evaluate the amplification of the neutrino-annihilation rate
by the accelerated component of neutrino produced by the bulk
motion of background matter using F3, ν , ⟨εν⟩ and ⟨ε2

ν⟩. By assuming
that the neutrino number flux (F2, ν) does not change by including
this effect, we get F3, ν∝ ⟨εν ⟩, then Ėνν̄ ∝ ⟨εν⟩⟨ε2

ν⟩. Therefore, we
can evaluate the amplification only by ⟨εν⟩ and ⟨ε2

ν⟩.
Table 1 shows the integrated values of emergent spectrum. It is

obvious that both the mean energy ⟨εν⟩ and the mean-square energy
⟨ε2

ν⟩ increase compared to the thermal spectrum due to upscattering
by the infalling materials. As a result, the neutrino-annihilation rate
is significantly amplified by the accelerated component. In addition,
we show the convergence check with higher resolution in this table
(see the last two lines). Due to much more expensive numerical cost,
we just calculate the model with τ 0 = 1 and confirm the validity of
the lower resolution calculation.

5 SU M M A RY A N D D I S C U S S I O N

In this paper, we consider the spectral change of neutrinos induced
by the scattering of the infalling materials and amplification of the
annihilation rate, which is one of the well-discussed jet-production

Table 1. Properties of numerical solutions.

τ 0 Na
τ Nb

x

⟨εν⟩c

⟨εν⟩thermal

〈
ε2
ν

〉

〈
ε2
ν

〉

thermal

Ad

Athermal

0.1 200 500 1.01 1.02 1.03
0.2 200 500 1.03 1.05 1.08
0.5 200 500 1.07 1.16 1.24
1.0 200 500 1.16 1.37 1.59
1.5 200 500 1.26 1.65 2.08
2.0 200 500 1.37 1.99 2.73
3.0 200 500 1.60 2.83 4.52
5.0 200 500 1.95 4.49 8.77
7.0 200 500 2.18 5.72 12.5
10.0 200 500 2.43 7.12 17.3

1.0 500 1000 1.16 1.36 1.57
1.0 750 1500 1.16 1.37 1.59
aNumerical grids for τ .
bNumerical grids for x.
cThe average energy of emerged spectrum.
dThe amplification of the neutrino-annihilation rate (equation
22) compared to the thermal distribution.

mechanisms of GRBs. We solve the kinetic equation of neutrinos
in spherically symmetric background flow and find that neutrinos
are successfully accelerated and partly form non-thermal spectrum.
We find that the accelerated neutrinos can significantly enhance the
annihilation rate by a factor of ∼10, depending on the injection
optical depth.

In this study, we tried to demonstrate the effect of the upscattering
by the bulk motion of the material and just assumed the injection
optical depth with parametric manner. More realistic injection is
obtained by the insight of the energy sphere, whose position is de-
termined by the neutrino–electron inelastic scattering as follows.
The scattering opacity at energy sphere, where the inelastic scat-
tering with electrons freeze out, can be calculated by the ratio of
cross-section,7

τsc(res)
τes

∼ nNσn

neσe
∼ 2εν

3YekT (res)
, (23)

where τ es is the optical depth of electron inelastic scattering, res

is the radius of energy sphere, nN and ne are the number density
of nucleons (neutrons and protons) and electrons, and Ye = ne/nN

is the electron fraction. Since τ es is definitely 2/3 at the energy
sphere,

τsc(res) ∼ 4εν

9YekT (res)
. (24)

The typical temperature of neutrinospheres is ∼4 MeV (Janka 2001)
so that τ sc is larger than 2/3 for neutrinos of the energy εν !
0.6(Ye/0.1) MeV. The typical value of Ye is ∼0.1 at the region where
the electron capture is significant so that almost all the neutrinos
are trapped by the nucleon elastic scattering at the energy sphere.
Although the injection optical depth in this study should be energy
dependent as shown above, we neglect this effect for simplicity.

Next, we discuss about the neutrino species. In this paper, we
consider the region between the energy sphere and the transport
sphere, i.e. the optical depth is larger than unity for the neutrino–
nucleon elastic scattering. Note that usually these neutrino spheres
are coincident for νe and ν̄e due to the presence of the charged current
for these neutrinos so that the neutrino acceleration studied in this
paper is possible only for νµ, ντ and their antiparticles. However,
for the case of neutron number density being much larger than
protons’ one, the charged current reaction of ν̄e (ν̄e + p → n + e+)
is negligible so that the reactions relevant to ν̄e become similar to
those of heavier leptonic neutrinos. The transport opacity for the

7 The total cross-section of neutrino–electron inelastic scattering is (Burrows
& Thompson 2002)

σe ∼ 3
8
σ0

ενkT

(mec2)2 ,

where σ 0 ∼ 1.7 × 10−44 cm2 is the reference neutrino cross-section, me is
the electron mass and T is the temperature of electrons. On the other hand,
the total cross-section of neutron–neutrino elastic scattering is

σn ∼ σ0
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.

The reason why we employ the cross-section for neutrons is that due to the
electron capture (p + e− → n + νe) the neutron fraction increases, whereas
the proton fraction decreases inside the neutrinosphere. Therefore, neutrons
are the dominant target particles for propagating neutrinos. However, it
should be noted that the total cross-section of proton–neutrino scattering
differs from that of neutron by only ∼20 per cent.



Does it work for supernova?

★ Unfortunately, no

★ To accelerate radiations ∇.V need to be 
large at optically thick regime, but ∇.V is 
small in the vicinity of PNS

★ For a black-hole forming collapse, this 
mechanism naively works (competition 
of acceleration and advection times)



Higher order effects?

★ Bulk Comptonization is O(u/c) effect 
WITH compressional flow

★ Is there any effects from higher order?
Let’s learn from photon case again

‣ Thermal Comptonization

‣ Turbulent Comptonization



Turbulent Comptonization

★ When there are turbulent flows, 
stochastic scattering can accelerate 
particles, like second order Fermi 
acceleration

★ Compressional flow is unnecessary, i.e., 
even when ∇.V=0, particle acceleration 
is possible

e.g., Zel’dovich, Illarinov, Sunyaev (1972), Thompson (1994), Socrates (2004)



Neutrino transfer

Boltzmann solverBoltzmann solver max(v/c) in 
PNSO(u/c) O((u/c)2)

max(v/c) in 
PNS

spherical 
symmetry

(1D)
included sometimes 

included ~<10-3

multi 
dimension

(2D/3D)

sometimes 
included not included ~0.1?



Turbulent velocity
log(ρ) v/c

from neutrino-radiation hydro. simulation by Suwa+ (2014)



Summary

★ Based on analogy of photons, neutrino acceleration is 
investigated

★ O(u/c): bulk Comptonization for γ
=> non-thermal ν from collapsars

★ O((u/c)2): thermal/turbulent Comptonization for γ
=> non-thermal ν from supernovae

★ Non-thermal ν can amplify neutrino interaction rate due to 
its high-energy tail
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